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A Sum Theorem for (FPV) Operators and
Normal Cones
M.D. Voisei
Abstrat
On [3, p. 199℄ one says We mention parenthetially that the proof
of [99, Lemma 41.3℄ is inorret, and we do not know whether it, [99,
Theorem 41.5℄ and [99, Theorem 41.6℄ are true. The previously ited
referene [99℄ is our referene [2℄. The aim of this short note is to provide
a result that improves upon [2, Lemma 41. 3℄.
Reall that in the ontext of a Banah spae X with dual X∗ and oupling
c(x, x∗) = 〈x, x∗〉 = x∗(x), (x, x∗) ∈ X ×X∗:
• ϕS(x, x∗) = sup{〈x− s, s∗〉+ 〈s, x∗〉 | (s, s∗)}, (x, x∗) ∈ X×X∗ stands for
the Fitzpatrik funtion of S ⊂ X ×X∗,
• z = (x, x∗) is monotonially related to (m.r.t. for short) S omes to
z ∈ [ϕS ≤ c] := {w ∈ X ×X∗ | ϕS(w) ≤ c(w)},
• A is of type (FPV) if for every open onvex V ⊂ X with V ∩D(A) 6= ∅ if
z = (x, x∗) is monotonially related to (m.r.t. for short) A|V and x ∈ V
then z ∈ A or equivalently if z = (x, x∗) 6∈ A and x ∈ V then there
is (a, a∗) ∈ A|V suh that 〈x − a, x∗ − a∗〉 < 0. Here Graph(A|S) =
Graph(A) ∩ S × X∗, S ⊂ X (see e.g. [4, p. 268℄, [3, Def. 36.7℄). In
other words A is of type (FPV) if, for every open onvex V ⊂ X with
V ∩D(A) 6= ∅, A|V is maximal monotone in V ×X∗,
• x ∈ cenD(A) means the segment [x, y] := {tx + (1 − t)y | 0 ≤ t ≤ 1} ⊂
D(A), for every y ∈ D(A).
Let us introdue a new lass of operators:
• A is alled of type weak-(FPV) if for every open onvex V ⊂ X with
V ∩ D(A) 6= ∅ if z = (x, x∗) is monotonially related to A|V and x ∈ V
then x ∈ D(A) or equivalently for every z = (x, x∗) ∈ V \D(A)×X∗ there
is (a, a∗) ∈ A|V suh that 〈x−a, x∗−a∗〉 < 0. In other words A is of type
weak-(FPV) if for every open onvex V ⊂ X with V ∩ D(A) 6= ∅, A|V
annot be extended, as a monotone operator in V ×X∗, outside D(A)∩V .
Theorem 1 Let X be a Banah spae, C ⊂ X losed onvex, and A : X ⇒ X∗
be maximal monotone and of type weak-(FPV) with cenD(A)∩ intC 6= ∅. Then
A+NC is maximal monotone.
1
Proof. Without loss of generality we may assume that 0 ∈ cenD(A) ∩ intC,
0 ∈ A0, and for some r > 0, rU ⊂ intC, where U denotes the unit open ball
in X . Sine A+NC is representable (see [5, Cor. 5.6℄) it remains to prove that
A+NC is NI (see [5, Remark. 3.5℄). Assume by ontradition that A+NC is not
NI, that is, there is z = (x, x∗) ∈ [ϕA+NC < c] := {w ∈ X ×X
∗ | ϕA+NC (w) <
c(w)}. Sine for every y ∈ C, NC(y) is a one, note that
z¯ = (x¯, x¯∗) is m.r.t. A+NC ⇔
z¯ is m.r.t. A|C and 〈x¯− a, x
∗〉 ≤ 0, a ∈ D(A) ∩ C, x∗ ∈ NC(a). (1)
Therefore z is m.r.t. A|C and
〈x− a, x∗〉 ≤ 0, a ∈ D(A) ∩ C, x∗ ∈ NC(a). (2)
Assume that x ∈ D(A). Sine z ∈ [ϕA+NC < c] we know that x 6∈ C (see [5,
Prop. 2.1 (d)℄). Therefore, there is µ ∈ (0, 1) suh that µx ∈ D(A)∩FrC (reall
that 0 ∈ cenD(A) ∩ intC). Take x∗ ∈ NC(µx), suh that 〈µx − y, x∗〉 > 0, for
every y ∈ intC; whene 〈x, x∗〉 > 0, beause 0 ∈ intC and µ > 0. From (2)
applied for a = µx and sine µ < 1 one gets the ontradition 〈x, x∗〉 ≤ 0.
Therefore x 6∈ D(A). For n ≥ 1, let Vn := [0, x] +
1
n
U . Notie that Vn is
open onvex, Vn ∩ D(A) 6= ∅, and x ∈ Vn, n ≥ 1. Sine A is weak-(FPV), for
every n ≥ 1, there is zn = (an, a
∗
n) ∈ A suh that an ∈ Vn and c(z − zn) < 0.
This implies that an ∈ D(A) \ C, beause z is m.r.t. A|C . Hene there is
tn ∈ (0, 1) suh that xn = tnan ∈ FrC ∩ D(A), sine 0 ∈ cenD(A) ∩ intC.
Let x∗n ∈ NC(xn), ‖x
∗
n‖ = 1, n ≥ 1. Beause xn ∈ Vn there is λn ∈ [0, 1] suh
that ‖xn − λnx‖ ≤
1
n
, n ≥ 1. On a subnet, denoted by the same index for
simpliity, we may assume that λn → λ ∈ [0, 1], xn → λx ∈ FrC, strongly in
X, x∗n → x
∗ ∈ NC(λx), weakly-star in X∗ as n→∞. Note that λ > 0 beause
λx ∈ FrC and 0 ∈ intC.
By the monotoniity ofNC for 0 ∈ NC(ru), ‖u‖ < 1, we get 〈xn−ru, x
∗
n〉 ≥ 0
or 〈xn, x∗n〉 ≥ r, n ≥ 1. Let n→∞ to nd 〈x, x
∗〉 ≥ r/λ > 0. From (2) we have
〈x − xn, x∗n〉 ≤ 0, and after we pass to limit, we get (1 − λ)〈x, x
∗〉 ≤ 0, λ = 1,
and so x ∈ FrC.
Consider f(t) = (ϕA+NC − c)(tz), t ∈ R; f is ontinuous on its domain (an
interval) with f(0) = 0 and f(1) < 0. Therefore there is 0 < t < 1 suh that
f(t) < 0. This implies that tz is m.r.t A+NC (in partiular, aording to (1),
tz is m.r.t. A|C) with tx ∈ intC, so tx ∈ D(A), sine A is weak-(FPV). From
tx ∈ D(A) ∩ C we get the ontradition f(tz) ≥ 0, that is, ϕA+NC (tz) ≥ c(tz)
(see again [5, Prop. 2.1 (d)℄).
This ontradition ourred due to the onsideration of the assumption that
A + NC is not NI. Hene A + NC is NI and onsequently maximal monotone
(see [5, Th. 3.4℄).
Therefore [2, Lemma 41.3℄ and its onsequene [2, Th. 41.5℄ are true. We
mention also that a multi-valued version of [2, Th. 41.6℄ has been proved in [1℄.
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